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Abstract. The motivation for this paper comes from the following question 
on comparison of norms of conformal martingales X, Y in Mr, d > 2. Suppose 
that Y is differentially subordinate to X. For < p < oo, what is the optimal 
value of the constant C p d in the inequality 

\\Y\\ P < C p , d \\X\\ p ? 

We answer this question by considering a more general related problem for 
nonncgativc submartingales. This enables us to study extension of the above 
inequality to the case when d > 1 is not an integer, which has further inter- 
esting applications to stopped Bcssel processes and to the behavior of smooth 
functions on Euclidean domains. The inequality for conformal martingales, 
which has its roots on the study of the L p norms of the Beurling-Ahlfors sin- 
gular integral operator [8], extends a recent result of Borichev, Janakiraman 
and Volberg [10]. 



1. Introduction 

Let (f2, J 7 , P) be a complete probability space, filtered by (.F()t>o, a nondecreas- 
ing family of sub-er-fields of J 7 . Let X, Y be adapted, M d -valued continuous-path 
semimartingalcs. Denote by [X, X] the quadratic variation process of X. We refer 
the reader to Dcllacherie and Meyer [19] for the definition in the one-dimensional 
case. We set [X, X] = J2j=i [X^ ,X^] in the vector- valued setting where X 3 denotes 
the j-th coordinate of X. Using the polarization formula we define the quadratic 
covariance of X and Y by 

[X,Y] = - A ([X + Y,X + Y] - [X - Y,X - Y]). 

Following Bahuelos and Wang [X] and Wang [41], we say that Y is differentially sub- 
ordinate to X if the process ([X, X] t — [Y, Y] t )t>o is nondecreasing and nonnegative 
as a function of t. Real-valued semimartingales X and Y are orthogonal if their 
quadratic covariance [X, Y] has constant trajectories with probability 1. Finally, 
we say that X is conformal (or analytic) if for any 1 < i < j < d, the coordinates 
X 1 , X' J are orthogonal and satisfy [X*,A" J ] = [X^X 3 ]. Conformal martingales 
arise naturally from the composition of analytic functions and Brownian motion in 
the complex plane and have been studied for many years; see [23] and [38, p. 177]. 

If X and Y are martingales, then the differential subordination of Y to X implies 
many interesting inequalities which have numerous applications in various areas of 
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analysis and probability. An excellent source of information in the discrete-time set- 
ting is the survey [16] by Burkholder. One can also find there a detailed description 
of his method which enables one to obtain sharp versions of such estimates. By an 
approximation argument and a careful use of Ito formula, these results can be ex- 
tended to the continuous-time setting; see the paper by Wang [41]. For other more 
recent applications of Burkholdcr's method, the use of his celebrated "rank-one 
convex" function and some of its connections to harmonic functions and singular 
integrals, see [3], [6], [7], [8], [13], [22], [25], [26], [27], [30], [31], [32], [34], [35], and 
the overview paper [4] which contains extensive list of references on this topic. 

Here we recall the celebrated inequality first proved by Burkholder in [11] in the 
discrete-time case and extended to the above setting by Wang [41]. Throughout 
this paper, ||A|| p = sup t>0 ||^Q|| P for < p < oo. 

Theorem 1.1. Assume that X , Y are W 1 -valued martingales such that Y is dif- 
ferentially subordinate to X. Then 

(1.1) ||Y|| p <(p*-l)||X|| p , l<p<oo, 

where p* = max{p,p/(p — 1)}. The constant is the best possible even for d = 1. 

The Bcurling-Ahlfors operator on the complex plane C in the singular integral 
defined by 

(1.2) Bf(z) = -p.v. [ f{w \ 2 dm(w), zeC. 

7T J C ( Z - WY 

This operator plays a fundamental role in many areas of analysis and its applica- 
tions. For some of these connections, we refer the reader to [2]. As a Calderon- 
Zygmund singular integral, B is bounded on L P (C), for 1 < p < oo, and the now 
celebrated conjecture of T. Iwaniec [24] asserts that \\B\\ P = p* — 1 . Burkholder's in- 
equality (1.1) has been crucial in the investigation of Iwaniec's conjecture. Indeed, 
the first explicit upper bound 4(p* — 1) for ||S|| P obtained in [8] used a stochastic 
integral representation of the operator together with the inequality (1.1). In ad- 
dition, the improvement 2{p* — 1) obtained by Nazarov and Volberg in [30], while 
avoiding the stochastic representation from [8], was also based on the inequality 
(1.1) applied to Haar martingales. It is observed in [8, p. 599] that in addition to 
the differential subordination, the martingales arising in the study of the Beurling- 
Ahlfors operator are in fact conformal martingales and hence, as conjectured in [8], 
one should expect better bounds than the p* — 1 of Burkholder. By slightly mod- 
ifying Burkholder's arguments, the following inequality is established in [5] which 
takes advantage of the conformality. 

Theorem 1.2. Suppose that X , Y are two W 1 -valued martingales such that Y is 
conformal and ^p-yj Y * s differentially subordinate to X . Then for 2 < p < oo, 

imi P <(p-i)iixn P . 

In particular, if d = 2, Y is conformal and differentially subordinate to X , then 

(1.3) ||F|| p <^fcS||X|| p , 2<p<oo. 

This inequality was used in [5] to prove that ||B|| P < 1.575(p* — 1), for 1 < p < oo, 
which at this point is the best available bound. The question immediately arises 
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as to the optimal constant in (1.3). Borichev, Janakiraman and Volberg [9], [10] 
established the following results in this direction. 

Theorem 1.3. Suppose that X and Y are two R 2 -valued martingales on the filtra- 
tion of 2- dimensional Brownian motion such that Y is differentially subordinate to 
X. 

(i) If Y is conformal, then 

\\Y\\ P < Qp - \\X\\ P , Kp<2, 
V2(l - a p ) 

where a p is the least positive root in the interval (0,1) of the bounded La- 
guerre function L p . This inequality is sharp. 

(ii) If X is conformal, then 

\\Y\\ P < ^ (1 ~ ap V || p , 2<p<oo, 

CL p 

where a p is the least positive root in the interval (0, 1) of the bounded La- 
guerre function L p . This inequality is sharp. 

(iii) If X and Y are both conformal, then 

(1.4) || F || p < 1±^||X|| P) 2<p<oc, 

i Zp 

where z p is the largest root in [— 1, 1] of the Legendre function g solving 

(l-s 2 )g"(s)~2sg'(s)+pg(s) = 0. 

This inequality is sharp. 

The proof of this theorem, presented in [9] and [10], is analytic and exploits the 
Bellman function approach as described in [28] , [29] and [40] . The purpose of this 
paper is to present a significant improvement of the third inequality (1.4) which is 
the main result in [10]. Not only shall we determine the optimal constant in (1.4) 
for the full range < p < oo, but we will also provide a sharp generalization of 
this estimate to the rf-dimensional setting. Since the conformal two-dimensional 
martingale treated in [10] are just time-changed R 2 -valucd Brownian motion, its 
norm is a time-changed Bessel process in dimension two. This simple observation 
suggests to study related estimates for stopped Bessel processes. This approach 
will enable us to investigate the case when the dimension of the Bessel process is 
an arbitrary number in the interval (1, oo) and not just an integer. We shall in fact 
consider an even more general setting. Let X, Y be two nonnegativc, continuous- 
path submartingales and let 

(1.5) X^Xo + M + A, Y — Yq + N + B 

be their Doob-Meyer decomposition (see [38]), uniquely determined by Mo = Aq = 
Nq = Bq = and the further condition that A, B are predictable. Consider the 
following property of the finite variation parts of X and Y: for a fixed d > 1 and 
all t > 0, 

(1.6) X t dA t > iz±d[X,X] ti Y t dB t < ^-ld[Y,Y] t . 
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For example, if X,Y are conformal martingales in M. d , then \X\, \Y\ are submartin- 
galcs and by the ltd formula, their martingale and finite variation parts are 

Mt = v r idxi. a, = r idix 1 ,^. 



J=1 Jo+|^s| s ' 2 J 0+ \X Si 

Hence (1.6) is satisfied and in fact, both inequalities become equalities in this case. 
As another example, if R, S are adapted d-dimensional Bessel processes and r is a 
stopping time, then X = (i? rA t)t>o, Y = (S rAt )t>o enjoy the property (1.6). 

We now turn to a precise statement of our main result. For a given < p < oo 
and d > 1 such that p + d > 2, let zq — zo(p,d) be the smallest root in [—1,1) of 
the solution to (2.4) (see §2 below) and let 



(1.7) C p 



1-20 ' 



if (2-d)+ <P< 2, 



if2<p<oo. 



Theorem 1.4. Lei X, K 6e two nonnegative submartingales satisfying (1.6) and 
such that Y is differentially subordinate to X . Then for (2 — d) + < p < oo we have 

(1-8) \\Y\\ P < C p , d \\X\\ p 

and the constant C Pl d is the best possible. If < p < (2 — d) + , then the moment 
inequality does not hold with any finite C Pt d- 

As an application, we have the following bound for conformal martingales and 
Bessel processes. The first result extends the Borichev-Janakiraman-Volberg result 
(iii) in Theorem 1.3 (see Remark 2.1 below). 

Corollary 1.5. Assume that X , Y are conformal martingales in M. d , d > 2, such 
that Y is differentially subordinate to X . Then for any < p < oo, 

(1-9) \\Y\\ P < C p , d \\X\\ p 

and the constant C Pt d is the best possible. 

Corollary 1.6. Assume that R, S are d-dimensional Bessel processes, d > 1, 
driven by the same Brownian motion and satisfying (1.6). Then for any (2 — d) + < 
p < oo and any stopping time t € LP/ 2 , we have 

(1-10) |Pr||p < C p> d||i£ T ||p 

and the constant C Pl d is the best possible. If < p < (2 — d) + , then the moment 
inequality does not hold with any finite C Pi d. 

The paper is organized as follows. In §2, we introduce a differential equation 
which is closely associated with these inequalities and study its solutions satisfying 
certain boundcdncss property. These solutions are then exploited in §3 in the 
construction of special functions, which, by the use of Burkholder's method, yield 
the assertion of Theorem 1.4. The final part of the paper is devoted to applications 
of our results to harmonic functions on Euclidean domains. 
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2. A DIFFERENTIAL EQUATION 

Throughout this section, < p < oo and d > 1 are given and fixed. We 
emphasize that d need not be an integer. We start with some preliminary facts and 
properties of d-dimensional Bessel processes. Let B be a standard one-dimensional 
Brownian motion and let R, S be two Bessel processes of dimension d, satisfying 
the stochastic differential equations 

m = d Bt ■ d - ldt 

(2.1) 



2 R t 



d-ldt 

dS t = -dB t + -^—g 

for all t > 0. As already mentioned in the Introduction, these processes, if stopped 
appropriately, are the extremals in (1.8) and hence are strictly related to the struc- 
ture of our problem. We refer the reader to [38] for some of the basic properties of 
Bessel processes including their stochastic differential equation representation given 
above. 

Let us recall some basic inequalities, which will be needed in our subsequent con- 
siderations. Assume that R starts from x > 0. The Burkholdcr-Gundy inequalities 
for Bessel processes proved by DeBlassie [18] states that there are constants c p d, 
c' p d , depending only on the parameters indicated, such that 

(2.2) c p , d ||(z 2 + ry/% < \\R* T \\ P < c' p J\(x 2 + r^X, 

for any stopping time r. Here, as usual, R* denotes the maximal process of R, given 
by i?j = sup 0<s<f R s . Another important result is Doob's maximal inequality for 
Bessel processes. This states that if p + d > 2, then there is c' pd depending only on 
p and d such that 

(2-3) 11-R-rllp — C p,d\\-^T \\p 

for all stopping times r which are p/2-integrable. We refer to Pedersen [36] where 
this inequality is obtained with the best constant. 

Let us turn to the differential equation which plays a fundamental role in the 
paper: 

(2.4) (1 - S 2 )g"(s) - 2(d-l)sg'(s) +p(d-l)g(s) = 0. 

We shall prove now that there is a continuous function g = g p ^ ■ [—1, 1) — ^ M with 
g{— 1) = —1, satisfying (2.4) for s G ( — 1, 1) and hence bounded on any compact 
subinterval of [—1,1). Consider the class of power series of the form 

oo 

(2.5) ff00 = £a»(l + *) n . 

with ao = — 1. Plugging this into (2.4) and comparing the coefficients of (1 + s) n , 
we obtain 

A k(k-l) + 2(d-l)k-p(d-l) 

^ ^ = - n 2( fc+ i) (fc+ Vi) — - n > °- 

It is easy to see that linin^oo | a„, 1 1 / TI - = 1/2, so the radius of convergence of the series 
for g is indeed 2 and hence (2.5) gives the function we arc looking for. Throughout 
the paper, zo = zo(p,d) denotes the smallest root of the solution g Pt d (if g P ,d has 
no zeros, put zq = 1). 
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The differential equation (2.4) arises as follows. For x > and y > 0, let 



(2.7) W(x,y) = (x + y)^ 



y-x 
x + y 



We have that W is of class C°° on (0, oo) x (0, oo). In fact, since g is well defined 
on (—3, 1), we see that the partial derivatives of W can be extended to continuous 
functions on (0, oo) x [0, oo). Fix a £ (— 1, 1) and introduce the stopping time 

(2.8) r a = inf it > : S t > \^Rt 



Lemma 2.1. Let R, S be Bessel processes as in (2.1), starting from x, y > 0, 
respectively. Then for any a € (—1, 1), the process (W(i? T < i At, S T "At))t>o is a mar- 
tingale. 

Proof. Of course, we may assume that y < jzr-x, since otherwise r a = and the 
claim is trivial. The situation is easy when d > 2. Since is polar for R and S, 
we may apply ltd formula and we check that (2.4) implies that the finite variation 
part of (W(R T °./\t, 5 l T a At )) t > vanishes. The latter amounts to saying that 



) y) + ^-W y (x, y) + i [W xx (x, y) - 2W xy (x, y) + W yy (x, y)] = 



for all x, y > 0. For d < 2, the situation is more complicated, since S reaches 
with probability 1; on the other hand, there are no problems with R: R > almost 
surely on [0, r°]. We shall prove the claim by checking that ¥W(R ai S a ) = W(x, y) 
for any bounded stopping time a such that a < r a almost surely. To do this, we use 
standard approximation procedure and work with the squares of R and S, which 
satisfy the stochastic differential equations 

di? t 2 = 2R t dB t + ddt, dS 2 = -2S t dB t + ddt for t > 0. 

Let N, e be positive numbers and put r\ = inf{i > : Rt + St > N}. Define 
W{u, v) = Wiu 1 / 2 , (e+v) 1 / 2 ) for it, v > 0. This function has the necessary smooth- 
ness and we may apply Ito formula to obtain 

(2.10) EW(R 2 aAv ,Sl Av )=W(x 2 ,y 2 )+E / CW(R 2 , S 2 s )ds, 

where 
£W(u,v) 

= W x (u, v)d + W v {u, v)d + 2uW xx {u, v) - i(uv) 1/2 W xy {u, v) + 2vW yy (u, v) 

+ \W XX { U V 2 , (e + v)^ 2 ) -^^ Wxy {u^ 2 , (e + v)^ 2 ) 
2 (e + w) 1 '^ 

W vv (uV 2 , (e + vf' 2 ) o . " Wyiu 1 '*, (e + vf' 2 ). 



2{e + v) VVK ' v ' ' 2{e + v) 3 / 2 
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Applying (2.9) and calculating a little bit, we get 

CW(u v) - £ ( Wy(u^,(e + v)^) _ 1/2 1/2 

LW{U ' >- 2(e + v) \ (e + v)V 2 yy[ ,[ + ) ' 

W xy (u^,(s + vy/i). 



1/2 

1 



£ + V 

Now, if e — > 0, then each of the two summands on the right converges to uniformly 
on the set F = {(u,v) : x + y < u 1 ' 2 + v 1/2 < N, v 1/2 < ±±|u 1/2 }. This in an 
immediate consequence of the equalities W y (x, 0) = and W xy (x, 0) = valid for 
all x > 0. However, the process ((RaAr)/\t > Sa AvM ))t>o takes values in F if TV is 
sufficiently large; this follows from the bound y < jz^x (which we have assumed 
at the beginning of the proof) and the fact that the process R + S is nondecreasing 
(see (2.1)). Hence, by Lebesgue's dominated convergence theorem, (2.10) yields 

EW(R<, An ,S„ Av ) = W(x,y). 

Now we let N go to oo and the claim follows, again by Lebesgue's dominated 
convergence theorem. To see this, note that 

\w(R aATI ,s aAn )\ < sup \ g \ ■ (r; + s;r 

[-l,o] 

and observe that the right-hand side is integrable, in virtue of (2.2) and the bound- 
cdncss of (j. □ 

Lemma 2.2. We have zq < 1 if and only if p + d > 2. 

Proof. Let p + d > 2 and assume that g has no roots smaller than 1. Let R, S be 
Bessel processes as in (2.1), starting from x, y > 0. Suppose that r is a stopping 
time satisfying Er p / 2 < oo. By (2.2) and (2.3), there are constants c\, C2, C3, 
depending only on x, y, such that 

(2.11) ||S T || P < Cl \\{y 2 +t) 1 ' 2 \\ p < c 2 \\R*\\ p < c 3 \\R T \\ p . 

Recall the stopping time r a given by (2.8). If y < jzrX, then r a > almost surely 
and by Lemma 2.1, 

W(x, y) = EW(Rra M , S TaAt ) < sup g ■ E(R T a At + S T « A t) p - 

[-1,0] 

Since g has no roots in (—1, 1), the number supj_ x a i g is negative and hence we 
may write 

W(x,y) < sup g-ER p TaAt , 
[-1,0] 

or, equivalcntly, 

(2.12) ER? aAt <W(x,y)(sup g)~\ 

[-1,0] 

By (2.2) and (2.3), this implies that r a is p/2-intcgrablc. Moreover, directly from 
the definition of r a , 

(2.13) ||iSya||p = - — ||-R r a||p, 

which contradicts (2.11) if a is sufficiently close to 1. Thus, g must have a root 
inside the interval (—1,1). 
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To get the reverse implication, note first that if p + d = 2, then g Pl d{s) = (^~^) P \ 
which does not have roots smaller than 1. Furthermore, the reasoning presented 
above shows that r a G L p / 2 for any a < 1 and any starting points x, y. Next, 
suppose that p + d < 2, assume that g Pt d has at least one zero smaller than 1 and 
let a stand for the smallest root. Suppose that the starting points x, y satisfy 
y < jzrX. As we have just observed, r° € LC 2- ^)/ 2 , which in view of (2.2) yields 

(2.14) R* a e L 2 - d . 

By Lemma 2.1, 

W(x,y) = EW(R T * At ,S TaAt ) = EW(R t ,S t )l {T « >t} , 

because W(R T a , S T a ) = (R T a + S T * ) p g(a) = 0. However, the expression on the right 
hand side converges to zero as t — > oo. Indeed, 

\EW(Rt,S t )l {T a >t} \< sup \g\E(R t + S t )n {Ta>t} 

[-l,a] 

< sup \g\ (j^—) ER*l {T « >t} , 
l-i,a] \l-aj 

where in the latter passage we have used the definition of r a . By Lebesgue's domi- 
nated convergence theorem and (2.14), letting t — > oo yields W(x, y) = and hence 
a is not the smallest root of g. The obtained contradiction completes the proof. □ 

Remark 2.1. Before we proceed, let us assure the reader that C Pi 2 and the constant 
in (1.4) coincide, though the latter involves the largest root z p of a solution to 
(2.4). The reason for this is that Borichev, Janakiraman and Volberg work with 
the reflected function s i— > g p ,2(—s), which also solves (2.4); thus z p = — z and 

In the remainder of this section we investigate several other properties of the 
function g which will be useful later. Such technical properties are always part of 
these type of optimal constant problems. Different (but in the same spirit) technical 
results are also derived in [9] and [10]. 

Lemma 2.3. The function g enjoys the following. 

(i) We have g'(s) > for s <E (-1,Z \. 

(ii) If p < 2, then g is convex on [— 1,zq). If p > 2, then g is concave on 
[— l,zo). If p 7^ 2, then the convexity /concavity is strict. 

(hi) We have zq > for p < 2, zq = for p = 2, and zq < for p > 2. 

Proof, (i) Observe that g'(zo) = is impossible: then by (2.4) and straightforward 
induction we would have g^(zo) = for all n > 0, which would further imply that 
g is identically 0, as an analytic function. Consequently, all we need is to verify the 
inequality g' > on the open interval (— 1, Zq). The function g is strictly increasing 
in a neighborhood of — 1, since lim s j__i g'(s) = a\ = p/2. Suppose that the set 
{s < zq : g'{s) = 0} is nonempty and let sq denote its infimum. Then sq £ (— 1, zo), 
g'( s o) = and g'(s) > for s < s Q . This gives g"(so) < 0, which combined with 
(2.4) implies g(so) > 0, a contradiction. 

(ii) The case p = 2 is trivial, since then g(s) = s for all s E [— 1, 1]; thus we 
may and do assume that p/2. We shall prove that (2 — p)g is strictly convex on 
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[— l,Zo], using essentially the same argument as in (i). We have that (2 — p)g" is 
positive in the neighborhood of —1, since, by (2.6), 

hm g"(s) = 2a 2 = ^ ^ >-. 

si-i 4a 

Next, assume that the set {s < zq : (2 — p)g"{s) = 0} is nonempty and denote its 
infimum by s . Then s € (-Mo), ( 2 -p)g"(s ) = and (2 -p)g"(s) > for 
s € (— l,so), which in particular implies (2 — p)g'" {sq) < 0. Differentiating (2.4) 
and applying the latter inequality yields 

0>(l- S 2 )(2-pV"( So ) 

= 2(2 - p)ds g"(s ) + (2 - p) 2 (d - 1)</ ( So ) = (2 - pf{d - (*„), 

which contradicts (i). 

(hi) As previously, the case p = 2 is trivial (we have g(s) = s for all s). If 
p < (2 - then z = 1. If (2 - d) + < p < 2, then using (2.4) and (ii), 

= (1 - zl)g"(z n ) - 2(d - l)W(zo) > -2(d - l)W(«b)- 

Consequently, if the assertion was not true, we would get g'(zo) < 0. By (i), the 
mean value theorem would imply that g" is negative at some point in the interval 
(— 1,zq). However, this is impossible in view of (ii). If p > 2, then substituting 
s = into (2.4) gives g"(0) + p(d - l)g{0) = 0. Now z > would imply ff (0) < 
and g"(0) > 0, which has been excluded this in (ii). On the other hand, z$ = also 
leads to a contradiction. Indeed, it yields g"(0) = and hence <?'"(0) > 0, in view 
of (ii). However, differentiating (2.4) gives g"'(0) = (2 - p)(d - l)g'(0) < 0. □ 

For any p > 0, we introduce the function v = v p : [—1, 1] — > R defined by 

'l + z Q \ p fl-s" 



v(s) 
We have 



l-2 



z/'( s) = ^[(i + s r 2 -(i±^) P ( i-.sr 

For p 2, let si = si(p) denote the unique root of the expression in the square 
brackets above. It is easy to verify that s\ < and si < zq, using Lemma 2.3 (iii). 
For p > 1, let c = c(p) be the unique positive constant for which cg'(zo) = v'(zo). 
A calculation gives 

2p(l + z )P- 1 
2Pg'(z )(l-z )- 

Lemma 2.4. (i) Let 1 < p < 2. Then for s £ [— 1, zo] we have 

(2.15) cg(s) > v(s). 
(ii) Let p > 2. Then for s G [—1, zq] we have 

(2.16) cg(s) < v(s). 

Proof. For p = 2 we have cg(s) = v(s), so both (2.15) and (2.16) hold true; hence 
we may assume that p ^ 2. We treat (i) and (ii) in a unified manner and show that 

c(2-p)g(s) > {2-p)v(s) 

for s e [-Mo]- We have that (2-p)v"(s) > for s 6 (-l,si) and (2-p)v"(s) < 
for s G (si, 1). Since (2 — p)g is a strictly convex function, we see that (2.15) holds 
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on [si,2o] and is strict on [si,zo)- Suppose that the set {s < zq : cg(s) = v(s)} 
is nonempty and let so denote its supremum. Then so < si, cg(so) = v(so) and 
(2— p)cg(s) > (2—p)v(s) for s G (so,2o)j which implies (2— p)cg'(so) > (2—p)v'(so). 
In consequence, by (2.4), 

0<(l-«§)(2-p)cs"(«o) 
= (d - 1)(2 - p)(2W(*o) - pg(s )) 
< (d - 1)(2 - p)(2s u'(s ) - pw(« )) 
p(2-p)(d-l)(l- fl g) r 



2p 

This yields so > s\ (see the definition of Si), a contradiction. □ 

The inequality (2.15) is also valid for p£ ((2 — d) + , 1), but this seems to be more 
difficult. To overcome this problem, fix such a p and consider the set 

{a > : ag(s) > v(s) for all s € [—1, zo]}- 

Of course, this set is a closed, bounded subintcrval of R + and contains 0. In fact, it 
has a nonempty interior, since v is strictly increasing, v'(zq) > and g is a convex 
function. Define c = c(p) as the right endpoint of this interval. Then, obviously, 
we have 

(2.17) cg(s)>v(s), for s G [-l,z ], 
and we can show the following. 

Lemma 2.5. There exists zi = z\(jp) € (si,zo\ for which 

(2.18) cg{ Zl ) = v(zi), cg'(z 1 )=v'{z 1 ) 
and 

(2.19) v"(s)>0, fors>zi. 

Proof. We have cg(zo) = v(zo), so (2.17) implies cg'(zo) < v'(zq), or 

2p(l + z Q )P- 1 



(2.20) c< 



2Pg'(z )(l-z )' 



If we have equality here, we can take Z\ = Zq. Then (2.18) is obviously satisfied 
and the validity of (2.19) follows from 



,tf X ^ .,/// N P(P-1){1 + Z )P 2 ZQ 

V (S) - U (Z ° ) = 2P-»(1 - z,f > °- 



Suppose that the inequality in (2.20) is strict: cg'(zo) < v'(zo). Then the set 

{z < z : cg(z) = v{z)} 

is nonempty (if it was not, we would be able to increase c a little bit and (2.17) 
would still hold). Let z\ denote the infimum of this set. Then z\ > —1 and it is 
clear that (2.18) holds true, as well as the bound cg"(z\) > v"(zi). By virtue of 
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(2.4), we get 

> (1 - s 2 )v"{ Zl ) - 2{d - l)z x v{z{) + p(d - l)v{zx) 
p(p + d-2)(l-zf) 



2P 

v"( Zl ) 



(i + z 1 r 2 -(^) P (i-^r 2 



(p + d-2)(l-z 2 ) ,, 



p-1 

This gives (2.19), since v" is nondecreasing. □ 

The next properties of g we will need are gathered in the following. 

Lemma 2.6. Assume that p + d > 2 and s£ (— 1, zq]. 

(i) We have 

(2.21) (2 - p)(l - s 2 )g"(s) - 2(p - l)(p - 2)s</(s) + p(p - l)(p - 2) 5 (a) > 0. 

(ii) PFe ftai/e 

(2.22) s(l - s 2 ).g"(s) - [p + d- 2 + (d- p)s 2 ]s'(s) + p{d - l)sg(s) < 0. 

Proof. By (2.4), the inequality (2.21) can be rewritten in the form 

(p + d-2)(2-p)(l- S 2 )g"( S ) ^ n 
d-1 

while (2.22) is equivalent to 

-{p + d- 2)(1 - s 2 )g'{s) <0. 
Both these estimates follow at once from Lemma 2.3. □ 

Lemma 2.7. Let s 6 (— l,zo]- 

(i) 7/ (2 - d) + < p < 2, tten 

(2.23) p.g(.s) + (1 - s)g'(s) > 0. 

(ii) Up > 2, tten 

(2.24) p 5 (s) - (1 + s)g' (a) < 0. 

Proof. The second statement is trivial, since g(s) < and g'(s) > 0. To show (i), 
note that both sides become equal when we let s — > — 1 and 

lim (pg(s) + (1 - s)g'(s)Y = lim [(p - l)g'(s) + (1 - S ).g"( S )] = Mp+ ^~ 2) > 0. 
sj.— l si— l 

Therefore, the inequality holds in neighborhood of —1. Now, suppose that the set 
{s < zq : pg(s) + (1 — s)g'(s) < 0} is nonempty and let sq denote its infimum. 
Then s < z , pg(s ) + (1 - s )g'(s ) = and (p - l)g'(s ) + (1 - s )g"(s ) < 0. 
Using (2.4), these the latter two statements yield (p + d — 2)(1 + So)g'(so) < 0, a 
contradiction with Lemma 2.3 (i). □ 
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3. Proof of Theorem 1.4 

Throughout this section, we assume that 0<p<oo,rf>l are fixed and satisfy 
p + d > 2. Recall the numbers c = c(p), zq = zq(j>) and z\ = z\{p) introduced in 
the previous section. We start by defining special functions U = U P: d ■ R+ — >• K- 
For p < 1, let 



U p ,d{x,y) 
and for 1 < p < 2, 

U p ,d(x,y) 



For p > 2, the formula is slightly different: 



U p ,d(x,y) 



l -**x, 



l+zo 

y-c p p, d x p *v<%%*- 

Moreover, let V p .d(x, y) = y p — C* d x p for any p. We will skip the lower indices and 
write U, V instead of U Pt d and V Pt d as doing so produces no risk of ambiguity. Let 

L(x, y) = U xx (x, y) + „) = ^(,, „) + ^E^A . 

x y 

We shall need the following facts. 
Lemma 3.1. We have 

(3.1) U(x,y)>V(x,y), 

(3.2) L{x,y)+R{x,y)-2U xy (x,y)<0, 

(3.3) L(x,y)-R(x,y) < 0, 

(3.4) C/^(^,y)<0, 

(3.5) t^y) <0, C/ w (x,2/)>0, 

/or aZ/ (x, y) ai which the involved partial derivatives of U exist. 

Proof. In fact, the nontrivial parts of these estimates have been already established 
in the previous section. For example, suppose that p < 1. If y < x, then (3.1) 
is equivalent to (2.17), both sides of (3.2) are equal (we obtain (2.4), actually), 
(3.3) reduces to (2.21), (3.4) follows from (2.22) and, finally, (3.5) is a consequence 
of (2.23) and (2.24). Suppose then, that y > j^x. Then both sides of (3.1) are 
equal and, since C p _d > 1, 

L(x,y)+R(x,y)-2U xy (x,y) = p 2 f~ 2 ~ p 2 C^- 2 

< p 2 ci: 2 (\-c 2 pA )xv- 2 

< o, 

so (3.2) is satisfied. Since L(x, y) < and R(x, y) > 0, (3.3) holds as well. We have 
U xy = 0, which gives (3.4). Finally, (3.5) is trivial. The remaining cases 1 < p < 2 
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and p > 2 are verified essentially in the same manner. We leave the details to the 
reader. □ 

The proof of the inequality (1.8) will be based on Ito formula. However, since U 
is not of class C 2 (at least when p ^ 2) , we are forced to modify it slightly to ensure 
the necessary smoothness. To accomplish this we use the "mollification" trick first 
employed by Burkholder in [12] and subsequently by Wang in [41], and others. 
Consider a C°° function ip : R 2 — > [0, oo), supported on a ball centered at and 
radius 1, satisfying f R2 ip = 1. Fix S > and define U s , V s : [26, oo) x [28, oo) — >• R 

by 



U 5 (x,y) 
V 5 (x,y) 



-i,i] 2 



-i,i] 2 



U{x + 5 — 5u, y — 5 — 5v)ip(u, v)dudv, 



V(x + 5 — Su, y — 5 — 5v)ip{u, v)dudv 



(note that we add 5 on the first coordinate and subtract 5 on the second) . The key 
property of II s is the following. 

Lemma 3.2. For any x, y > 26 and h, k £ R we have 

(d-i)u*(x, y y 



U a xx (x,y) + 



h z + 2U°Jx,y)hk 



(d-l)U'{x,y) 



(3.6) 
where 



< w{x,y)-(h 2 -k 2 ), 



w(x, y) = — / (L — R) (x + 5 — 6u, y — 6 — Sv)tp(u, v)dudv < 0. 
2 J\-i,i\ a 



Proof. Since U is of class C 1 , integration by parts yields 

U x (x,y) = / U x (x + 5 — 6u, y — 5 — 6v)if>(u, v)dudv 



for all x, y > 28, and similar identities hold for Uy, U xx , U xy and Uy y . Let h, k be 
two real numbers. By (3.2) and (3.4), L + R is nonpositive and 

\2U d xy (x,y)hk\ 



(3.7) 



< 



< — \hk\ / (L + R)(x + 5 — Su, y — S — 8v)tp{u, v)dudv 
J [-i,i\> 

h 2 + k 2 

(L + R)(x + S — Su, y — 5 — 5v)ip(u, v)dudv. 

-i,i] a 



Next, by virtue of (3.5), we have 



U s x {x,y) 



< 



U x {x + 8 — Su, y — 5 — Sv) 
x + 5 — 8u 



ip(u, v)dudv, 



U S v (x,y) 



< 



U y {x + 5 — Su, y — S — Sv) 
y — S — Sv 



tp(u, v)dudv, 
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which gives 
(3.8) 

uL(x,y)+ (d ~ < / L(x + 5 - 6u,y - 6 - 6vU(u,v)dudv, 
x -'[-I, i] 2 

UL(x, y)+ ^ d ~ l ^ Uv ^' ^ < ( R(x + S-Su,y-S-5v)ib(u,v)dudv. 

y J [-hi]' 

It suffices to combine (3.7) with (3.8) to obtain (3.6). The inequality w < follows 
immediately from (3.3). □ 

Now we are ready to establish the submartingale inequality of Theorem 1.4. 

Proof of (1.8). Of course, we may restrict ourselves to I £ L p , since otherwise 
there is nothing to prove. Fix S £ (0, 1/2) and a large positive integer N. Consider 
the stopping time t = t k = inf{£ > : Xt + Yt + Bt > K} and introduce the 
process Z = Z KS = (Z t )t>o by setting 



Z, 



{2S + X TM ,26 + Y TAt ) ifr>0, 
(0,0) ifr = 0. 



The function U is of class C°° , so applying Ito formula yields 
(3.9) U s (Z t ) = I Q + h+h + \h, 



where 



I Q = U d (Z Q ) 

-t rt 



h = I U 5 x {Z s )dM s + f U 6 y {Z s )dN s , 
h = f U s x {Z s )dA s + f U s y (Z s )dB s , 

h= [ U s xx {Z s )d[X,X] s + 2 f U 8 xy (Z s )d[X,Y] s + f U s yy {Z s )d[Y,Y) s . 
Jo+ Jo+ Jo+ 

We may and do assume that both stochastic integrals in I\ arc martingales, passing 
to localizing sequences (r ra ) ra >o of stopping times if necessary (and repeating the 
reasoning with r replaced by r At„). Consequently, E/i = 0. To deal with I2, note 
that by (3.5) and the assumption (1.6), we have 

and, similarly, 
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Hence I 2 + h/2 < Ji/2 + J 2 , where 



Ji = 



(d-l)U s x (Z s ) 
25 + X„ 



+ 



U s xy (Z s )d[X,Y] s 



d[X,X] s 



(d-l)U*(Z s ) 
26 + Y s 



d[Y, y] 



J 2 = 



2^(Z.) 



2(5 + y 

Let us approximate the integrals in J\ by discrete sums and use (3.6) to obtain 
Ji< I w(Z s )d([X,X] s -[Y,Y} s )<0, 

by virtue of the differential subordination and the fact that w is nonpositive. We 
refer the reader to Wang [41, p. 533] for a detailed explanation of this step. To deal 
with J2 , note that if Y s > y/5, then 



26U*(Z a 
2S + Y S 



< 2y/S- 



sup 

(0,K+2]x(0,K+2] 



V, 



while for Y s < y/d, 



25 + Y s 



< 



sup 



(0,K+2]x (0,2(5] 

Since lim s ^o U y (x,y) = uniformly for x G (0, K + 2], we see that the integrand 
in J 2 converges to as 8 — > 0. Hence so does J2, since B t < K by the definition of 
r. Summarizing, if we take expectation of both sides of (3.9), we obtain 

EV 6 {Z t ) < EU 5 (Z t ) < EU 5 (Z ) + k(S), 

with k(8) = o(l) as 5 -> 0. We have \Z t \ < K + AS < K + 2 and the functions 
U, V are continuous. Thus, letting S —> and applying Lebcsgue's dominated 
convergence theorem, we get EV(X tM , Y tM ) < EU(X , Y ). However, as one easily 
checks, we have U(x, y) < for y < x: this is equivalent to zq > for p < 2 and 
to zo < for remaining p. Consequently, EU (Xq, Yq) < in view of the differential 
subordination and hence 



EY? At < C% td EX> M < C?J 



X\ 



It suffices to let K — > 00 and then t — > 00 to complete the proof, by virtue of 
Lebesgue's monotone convergence theorem. □ 

Proof of (1.9) and (1.10). This follows immediately from (1.8). See Introduction 
to see how analytic martingales and stopped Bcssel processes are related to non- 
negative submartingales satisfying (1.6). □ 

The sharpness of (1.8), (1.9) and (1.10). It suffices to show that the constant C Pj d 
is the best in (1.10). We shall restrict ourselves to the stopped Bessel processes R, 
S of the form (2.1), starting from 1. First, suppose that p < 2. We have zo > by 
Lemma 2.3 (iii). Fix a G (0, Zq) and recall r a , the stopping time defined in (2.8). 
We have shown in Lemma 2.2 that r a G L p / 2 and that (2.13) is valid. Therefore, 
letting a | zo gives the optimality of C p ,d- The same reasoning proves that (1.10) 
and hence also (1.8) do not hold with any finite constant when p + d < 2. If 
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p = 2, then C p .d = 1, so the choice t = gives equality in (1.10). Finally, suppose 
that p > 2. We will switch the roles R and S 1 , and prove that for any C < C p ,d 
there is a stopping time such that ||-R T || P > C||<Sy|| p . Let — 1 < b < a < zq. Wc 
make use of the following two-step procedure: first we let (R, S) drop to the line 
y = and then let it rise to the line y = jz^x. To be more precise, observe 

that P(t 6 < 1) > 0: the process ((Rt, <St))te[o,i] reaches the line y = jz^x with 
positive probability. Define r = 1 if r b > 1 and 

r = inf \t> r b : S t = l—^Rt 
I l + a 

if r b < 1. By the strong Markov property and the reasoning from the proof of 
Lemma 2.2, we have 

E(SP\T b < 1) = (j^j P E(i??|r b < 1) 

and the expectations tend to oo as a —> zq. On the other hand, we have 
ES?l {r » >1} = ESf 1 {T 6 >1} < ESf 



and therefore 



\Rr\\p > -i _!_ ~ II i ^t1{t''<1}IIp 

>^-fp r ll p -^ll5 T l {T , >1} ll p 



1 


+ a 


1 


— a 


1 


+ a 


1 


— a 


1 


+ a 



>T— IISrllp-^HSlI 
l+a l+a 

Now fix e > 0. If a is sufficiently close to zq, then 

1 - a 



1 

and hence 



\Si\\ P < e\\S T \\ p 



\\Rt\\p > \ Y^a ~ J " 5 ' T " P ' 
This proves the optimality of the constant C Pt d- □ 

4. Analytic Functions on C and Smooth functions on R n 

As discussed in the introduction, the inequality for conformal (analytic) martin- 
gales in this paper and those in [9, 10] are motivated by the martingale study of the 
norm of the Beurling-Ahlfors operator. However, conformal martingales have been 
extensively studied in the literature (see [23] for example) as they arise naturally 
from the fundamental theorem of P. Levy which asserts that the composition of 
2-dimensional Brownian motion with an analytic function in the plane is a time 
change of 2-dimensional Brownian motion. We recall here the classical setting in 
the unit disc. Let £> = {z€C:|z|<l}be the unit disc in the plane and suppose 
that F : D — > C is an analytic function with the representation F(z) = u(z) + iv(z) 
where u and v are conjugate harmonic functions. If B is Brownian motion in the 
disc and td = inf{i > : B t ^ D} , then 



(4.1) 



X t = F(B TdM ) = u(B TdM ) + iv{B ToM ) 
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is a conformal martingale in IR 2 (identified here with C) . This follows directly from 
the ltd formula); see [20] or [38, p. 177]. The quadratic variation process of the 
martingale X is given by 

rrnAt ptd Ai rToM 

(4.2) [X,X] t = / \\7u(B s )\ 2 ds+ \Vv(B s )\ 2 ds = 2 \Vu(B s )\ 2 ds, 

Jo Jo Jo 

where we used the fact that |Vu| = |Vu|, by the Cauchy-Riemann equations. Of 
course, [X, X] here can also be written simply in terms of \F'\ 2 rather than |V«| 2 . 
For any < p < oo, the classical _ff p -norm of the analytic function is defined by 

r -| r 27T i i/p 

(4-3) \\F\\ Hp 



sup ^ / \F(re ie )\r d6 

)<r<l ^ J 



.0< 

We have the following which is an immediate consequence of Corollary 1.5. 

Theorem 4.1. If F\(z) = Ux(z) + iv\(z) and F-2(z) = tt2(z) + ii)2(z) are analytic 
functions in the unit disc D with 1^(0)1 < |Fi(0)| and l-F^- 2 )! — l-^i'MI f or a ^ 
z € D, then for any < p < oo, 

(4-4) WFtW^KC^WF^H,. 

Remark 4.1. The very interesting question arises here as to whether the constant 
C Pt 2 is optimal. Unfortunately, we have not been able to answer it, however, we 
strongly believe that this inequality is not sharp, except for the trivial case p = 2. 

One may replace the unit disc above with any domain in the complex plane and 
modify the definition of the H p norm to be with respect to the harmonic measure 
and obtain a similar inequality. We leave this to the reader. Here we state a more 
general inequality for smooth functions in M. d satisfying a subordination condition 
which arises from the submartingale condition (1.6). Suppose that D is an open 
subset of R", where n is a fixed positive integer, and assume that £ D. Let Dq 
be a bounded subdomain of D with € -Do arj d dDo C D. Let /j,n denote the 
harmonic measure on ODq with respect to 0. Consider two real- valued C 2 functions 
u, v on _D, satisfying 

(4.5) K0)| < K0)|. 
Following [15], v is differentially subordinate to u if 

(4.6) |Vw(a;)l < |V«(x)| for x G D. 
Let us assume further that there is d > 1 such that 

(4.7) u(x)Au(x) >(d- l)|Vw(x)| 2 and v(x)Av(x) <(d- l)|Vu(x)| 2 
for all x £ D. In what follows, 

i/p 



sup 



W(x)\ p n Do (dx) 

dD 



where the supremum is taken over all Dq as above. 

The condition (4.7) appears naturally while studying a Stein- Weiss system of 
harmonic functions. Let Uj, j = 0, 1, 2, . . . , n, be harmonic functions given on an 



18 



RODRIGO BANUELOS AND ADAM OSEKOWSKI 



open subset of R x R™, taking values in a certain separable Hilbert space. Assume 
that they satisfy the generalized Cauchy-Riemann equations 



n a 



3=0 



and 



du j du k 



dx k 



for all j, k 6 {0, 1,2, . . . , n}. Let F stand for the vector (uq, ui, . . . , u n ) and fix 
q > (n— l)/n. Then the function u = |F| 9 satisfies the left inequality in (4.7) with 
d = 2 — > l. To sec this, we easily compute that 



Mm 2 = q 2 W?q - i j-f^ /F 
7=0 ^ J 



and 



A|F|* = g|F|«- 4 \ ( q -2)J2(^-F) + |F| 2 |VF| 



It suffices to apply the estimate 



E 



f dF 



3=0 V J 



< 



(see page 219 in Stein [39]) to obtain 



\F\ q A\F\ q > 1- 



71+1' 



n — 1 

nq 



|F| 2 |VF| 2 



|V|F|«| 2 . 



Theorem 4.2. J/ u, u are nonnegative subharmonic functions satisfying (4.5), 
(4.6) and (4.7), then for any (2 — d)+ < p < oo, 

\\v\\ P < C Pid \\u\\ p . 

Proof. Pick any Do as above. Obviously, we will be done if we show that 



(4.8) 



dD„ 



\u(x)\ p n Do (dx) 



<C„ 



p,d 



dD 



\u{x)\ p HD {dx) 



1 1/p 



Let B — (B t )t>o be a Brownian motion in R", starting at 0, and let T£> = inf{i > 
: B t i D }. Define X t = u(B TDoM ) and F t = v{B T[>aM ) for i > 0. From the ltd 
formula we see that X, Y are nonnegative submartingales with the corresponding 
Doob-Meyer decompositions given by 

X t = u(0) + / Vu(B a ) • dB s + - / Au(B s )ds, 

J0+ * JQ+ 



Y t = v(0) + 



/ Vw(B s ) • dB s + - / Av(B s )d. 



0+ 

2 / >T Do At 



Therefore, the assumptions (4.5) and (4.6) imply that Y is differentially subordinate 
to X, while (4.7) yields (1.6). Consequently, by (1.8), we have 

\HB TDo )\\ P < C p J\u(B TDo )\\ p , 

which is equivalent to (4.8) since the distribution of B TD is /l«d . The proof is 
complete. □ 



SUBMARTINGALE INEQUALITIES 



19 



Acknowledgment 

The results were obtained when the second author was visiting Purdue Univer- 
sity. We also thank the anonymous referee for useful comments. 

References 

[1] M. Abramowitz and I. A. Stegun, Handbook of mathematical functions with formulas, graphs 
and mathematical tables, Reprint of the 1972 edition, Dover Publications, Inc., New York, 
1992. 

[2] K. Astala, T. Iwaniec and G. Martin, Elliptic Partial Differential Equations and Quasicon- 
formal Mappings in the Plane, Princeton University Press, 2009. 

[3] K. Astala, T. Iwaniec, I. Prause, E. Saksman, Burkholder integrals, Morrey's problem and 
quasiconformal mappings, Journal of the American Math. Soc, S 0894-0347(2011)00718-2 
Electronically Publication, October 6, 2011. 

[4] R. Banuelos, The foundational inequalities of D. L. Burkholder and some of their ramifica- 
tions, To appear, Illinois Journal of Mathematics, Volume in honor of D.L. Burkholder. 

[5] R. Banuelos and P. Janakiraman, LP -bounds for the B curling- Ahlfors transform, Trans. 
Amcr. Math. Soc, 360 (2008), no. 7, 3603-3612. 

[6] R. Banuelos and P. J. Mcndcz-Hcrnandcz, Space-time Brownian motion and the Beurling- 
Ahlfors transform, Indiana Univ. Math. J. 52 (2003), no. 4, 981-990. 

[7] R. Banuelos and G. Wang, Sharp inequalities for martingales with applications to the 
Beuriing-Ahlfors and Riesz transforms, Duke Math. J. 80 (1995), no. 3, 575-600. 

[8] R. Banuelos and G. Wang, Orthogonal martingales under differential subordination and ap- 
plications to Riesz transforms, Illinois J. Math. 40 No. 4 (1996), pp. 678-691. 

[9] A. Borichev, P. Janakiraman and A. Volberg, Subordination by orthogonal martingales in LP 
and zeros of Laguerrc polynomials, arXiv:1012.0943. 
[10] A. Borichev, P. Janakiraman and A. Volberg, On Burkholder function for orthogonal mar- 
tingales and zeros of Legendre polynomials, Amer. Jour. Math, (to appear) 
[11] D. L. Burkholder, Boundary value problems and sharp inequalities for martingale transforms, 

Ann. Probab. 12 (1984), 647-702. 
[12] D.L. Burkholder, A sharp and strict LP -inequality for stochastic integrals, Ann. Probab. 15 
(1987 ), 268-273. 

[13] D. L. Burkholder, A proof of Pelczynski's conjecture for the Haar system, Studia Math. 91 
(1988), 79-83. 

[14] D. L. Burkholder, Sharp inequalities for martingales and stochastic integrals, Asterisquc 
157-158 (1988), 75-94. 

[15] D. L. Burkholder, Differential subordination of harmonic functions and martingales, Har- 
monic Analysis and Partial Differential Equations (El Escorial, 1987), Lecture Notes in Math- 
ematics 1384 (1989), 1-23. 

[16] D. L. Burkholder, Explorations in martingale theory and its applications, Ecole d'Ete de 
Probability de Saint-Flour XIX — 1989, pp. 1-66, Lecture Notes in Math., 1464, Springer, 
Berlin, 1991. 

[17] B. Davis, On the L p norms of stochastic integrals and other martingales, Duke Math. J. 43 
(1976), 697-704. 

[18] R.. D. DcBlassie, Stopping times of Bessel processes, Ann. Probab. 15 (1987), 1044-1051. 

[19] C. Dcllachcrie and P. A. Meyer, Probabilities and Potential B: Theory of martingales, North 
Holland, Amsterdam, 1982. 

[20] R.Durrett, Brownian Motion and Martingales in Analysis, Wadsworth, Belmont, CA, 1984. 

[21] T. W. Gamelin, Uniform algebras and Jensen measures, Cambridge University Press, Lon- 
don, 1978. 

[22] S. Geiss, S. Montgomery-Smith and E. Saksman, On singular integral and martingale trans- 
forms, Trans. Amer. Math. Soc. 362 No. 2 (2010), 553-575. 

[23] R.K.Getoor and M.J. Sharpe, Conformal martingales, Invent. Math. 16 (1972), 271-308. 

[24] T. Iwaniec, Extremal inequalities in Sobolev spaces and quasiconformal mappings, Z. Anal. 
Anwcndungen 1 (1982), 1-16. 

[25] T. Iwaniec, Nonlinear Cauchy-Riemann operators in M™, Trans. Amer. Math. Soc. 354 
(2002), 1961-1995. 



20 



RODRIGO BANUELOS AND ADAM OSEKOWSKI 



[26] P. Janakiraman and A. Volberg, Subordination by orthogonal martingales in L p , 1 < p < 2. 
preprint. 

[27] P. Janakiraman, Best weak-type (p,p) constants, 1 < p < 2, for orthogonal harmonic func- 
tions and martingales, Illinois J. Math. 48 no. 3 (2004). 909-924. 

[28] F.L. Nazarov and S.R. Treil, The hunt for a Bellman function: applications to estimates 
for singular integral operators and to other classical problems of harmonic analysis, St. 
Petersburg Math. J. 8 (1997), 721-824. 

[29] F. L. Nazarov, S. R. Treil and A. Volberg, Bellman function in stochastic optimal control 
and harmonic analysis (how our Bellman function got its name), Oper. Theory: Adv. Appl. 
129 (2001), 393-424. 

[30] F. L. Nazarov and A. Volberg, Heat extension of the Beurling operator and estimates for its 
norm, Rossiiskaya Akadcmiya Nauk. Algebra i Analiz, 15, No. 4 (2003), 142-158. 

[31] A. Osekowski, Sharp inequalities for differentially subordinate harmonic functions and mar- 
tingales, to appear in Canadian Mathematical Bulletin 

[32] A. Osekowski, A sharp weak-type bound for ltd processes and subharmonic functions, to 
appear in Kyoto Journal of Mathematics 

[33] A. Osekowski, Maximal inequalities for continuous martingales and their differential subor- 
dinates, Proc. Amcr. Math. Soc. 139 (2011), pp. 721-734. 

[34] A. Osekowski, Sharp and strict L p -inequalities for Hilbert- space-valued orthogonal martin- 
gales, Electronic Journal of Probability 16 (2011), pp. 531-551. 

[35] A. Osekowski, Sharp LlogL inequality for Differentially Subordinated Martingales, Illinois 
Journal of Mathematics 52, Vol. 3 (2008), pp. 745-756. 

[36] J. L. Pedersen, Best Bounds in Doob's Maximal Inequality for Bessel Processes, J. Multi- 
variate Anal. 75 (2000), 36-46. 

[37] S. K. Pichorides, On the best values of the constants in the theorems of M. Riesz, Zygmund 
and Kolmogorov, Studia Math. 44 (1972), 165-179. 

[38] D. Revuz and M. Yor, Continuous martingales and Brownian Motion, 3rd edition, Springer- 
Verlag, Berlin, 1999. 

[39] E. M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Uni- 
versity Press, 1970. 

[40] V. Vasyunin and A. Volberg, Bellman functions technique in harmonic analysis, (sashavol- 
berg.wordpress.com). 

[41] G. Wang, Differential subordination and strong differential subordination for continuous- time 
martingales and related sharp inequalities, Ann. Probab. 23 no. 2 (1995), 522-551. 

Department of Mathematics, Purdue University, West Lafayette, IN 47907, USA 
E-mail address: banuelos@math.purdue.edu 

Department of Mathematics, Informatics and Mechanics, University of Warsaw, Ba- 
nacha 2, 02-097 Warsaw, Poland 
E-mail address: ados@mimuw.edu.pl 



